Quality control and learning in productive systems by Fine, Charles H. & Sloan School of Management.
QUALITY CONTROL AND LEARNING IN PRODUCTIVE SYSTEMS
by
Charles H. Fine
WP#1494-83 October 1983
Revised July 1984
Sloan School of Management
Massachusetts Institute of Technology
This paper is a revised version of Chapter 2 of the author's doctoral
dissertation. Comments and criticism from Steve Graves, Tom Magnanti, Evan
Porteus, Steve Wheelwright, and especially Dave Kreps have significantly
improved the quality of this work.
QUALITY CONTROL AND LEARNING IN PRODUCTIVE SYSTEMS
EXECUTIVE SUMMARY
The traditional view of quality is that it is costly--higher quality
requires higher units costs. A recent, renewed interest in quality has led
to another point of view, namely, that producing high quality products
reduces unit costs. This point of view directly challenges the traditional
assumed relationship between quality and cost. If valid, the "quality is
free" hypothesis has significant implications for quality management.
Specifically, if producing high quality output aids in cost reduction, then
firms that ignore such an effect will suboptimize on their quality levels.
The work in this paper links the previously disjoint literatures of
quality control and learning curves in an attempt to explain why high
quality and low costs need not be inconsistent. Toward this end, we
introduce the idea of a quality-based learning curve. When costs are
affected by a quality-based learning curve, product quality influences the
rate of cost reduction due to experience or learning. More specifically,
costs decline more rapidly with the experience of producing high quality
products than with the experience of producing low quality products.
We first provide a formulation of an economic conformance level model
based on an exposition by Juran. This formulation serves as the base-case
optimal quality control model. Next, we review briefly the formulation and
some results of Spences's learning curve optimization model. His model
solves for the optimal production paths when unit costs decline as a
function of cumulative volume.
These two models are knit together into the quality-based learning
model. This model incorporates the cost tradeoffs inherent in choosing the
optimal quality level as well as the cost decreases due to volume-based
experience. The unique additional feature of the model is the assumption
that producing high quality products generates extra cost-reducing learning
benefits.
We provide two formulations of the quality-based learning phenomemon.
The first assumes that quality-based experience affects direct manufacturing
costs. For this formulation, the optimal quality level is decreasing, but
is always larger then the optimal base-case quality level. The optimal
production quantity is constant if the interest rate is zero and increasing
when the interest ratio is positive.
The second formulation assumes that quality-based experience affects
quality control costs. In this case, the optimal quality level is always
increasing. The optimal quantity behavior is qualitatively similiar to the
first formulation.
One of the key features of the second model is that it resolves the
controversy between Juran, whose position is that one should use
cost-tradeoff analysis to find the optimal quality level, and Deming and
Crosby who claim that zero defects is always the optimal quality level. For
certain parameter values, the optimal quality policy in the second model
conforms to the Juran model but the dynamics of the model demonstrates the
optimality of always pushing towards zero defects.
In addition to this conceptual contribution, the paper should be useful
for managers because it focuses attention on the non-optimality of choosing
quality levels solely on the basis of short-term, cost accounting
considerations.
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QUALITY CONTROL AND LEARNING IN PRODUCTIVE SYSTEMS
INTRODUCTION
This paper introduces and models formally a theory of quality-based
learning. This theory holds that a firm's decisions about the quality of
the products it produces will affect the rate of learning and, consequently,
the rate of cost reduction in the production system. More specifically,
firms that choose to produce high quality products will learn faster or go
down a steeper experience curve than firms that produce lower quality
products. (In this paper, quality is defined as degree of conformance to
design specification, not quality of the design. These terms are defined in
the next section.)
The plausibility of this quality-based learning hypothesis rests on the
idea that producing high quality products requires high levels of quality
control activities. As a part of these quality control activities,
production workers and managers apply to the production system large amounts
of care, effort, and scrutiny in attempts to improve the quality of the
manufacturing processes and, consequently, the quality of the output of
these processes. As a by-product of these quality control activities,
workers or managers may discover "bugs" or inefficiencies in the system that
can be eliminated, with a concomitant reduction in production costs. The
quality-based learning concept captures this idea that production of high
quality products can speed the rate of learning in the production system.
This work is motivated by a controversy in the quality managemment
literature and by an apparent inconsistency between the economic conformance
level model (Lundvall and Juran [24]) and casual empirical evidence on the
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quality and costs of Japanese and U.S. manufactured goods. The traditional
"economics of quality" model on the relationship between quality and per
unit production costs is reasonably well known and well accepted in
operations management. (See, e.g. Chase and Acquilano [3, p. 285]). This
economic conformance level model, illustrated in Figure 1, trades off
appraisal and prevention costs, the costs of attaining higher quality, with
failure costs, the costs of having produced poor quality products. The
model resolves this tradeoff by prescribing a cost-minimizing quality level
(abbreviated ECL for Economic Conformance Level). Since the model does not
account for revenue-side quality benefits (e.g., high quality products may
command higher prices or win market share), firms may choose quality levels
greater than the ECL, but no rational firm would ever choose a quality level
smaller than the ECL
[Put Figure 1 about here]
This model is controversial because it prescribes an optimal conformance
level with a strictly positive proportion of defects. This prescription is
in direct opposition to the literature (e.g., Crosby [4], Deming [6]) that
prescribes zero defects as the optimal conformance level. Underlying this
latter prescription is the belief (which has not yet been supported by
rigorous empirical research) that producing high quality (i.e., high
conformance) products is always less costly per unit of good output then
producing low quality products.
The model is also controversial because it conflicts with the
cost
0 q = ECL 1conformance
q proportion of
nondefectives
Figure 1: Choosing the economic conformance level.
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evidence (e.g., Garvin [6], Abernathy, et al [1]) that, in a wide variety of
industries, Japanese firms manufacture products that have both higher
quality and lower unit costs than the products of their U.S. competitors
(even after accounting for differences in wage rates and capital
investment). (While no rigorous empirical study has "proven" beyond a
shadow of a doubt that, ceteris paribus, the Japanese have higher quality
and lower costs, the circumstantial evidence is compelling.)
The quality-based learning theory presented here adds a dynamic learning
curve effect to the static economic conformance level model so that the
modified model is consistent with the "higher quality costs less" school of
thought and consistent with the evidence from Japan. In the quality based
learning model, higher quality costs a firm more than lower quality at any
given point in time. However, over time, one firm may obtain a high
quality, low cost position (relative to competitors) due to the faster
learning made possible by producing high quality products.
A second motivation for this work is to explore the relationship between
quality decisions and production and pricing decisions. This relationship
is of interest because the quality-based learning hypothesis implies that
quality, production, and pricing decisions are interdependent since learning
rates and unit costs (and therefore prices) will be affected by the quality
levels and production volumes chosen by the firm.
Dutton and Thomas [8] provide a useful framework for conceptualizing how
quality and production decisions affect learning rates. They distinguish
between induced and autonomous learning. (Levy [23] has also contributed to
this line of thought). Autonomous learning is learning by direct labor that
results from the "practice makes perfect" or "learning by doing"
phenomenon. Reaping the benefits of autonomous learning requires
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little direct management action. Rather, autonomous learning "involves
quasi-automatic improvements resulting from sustained production over long
periods". (Dutton and Thomas [81, p. 43). The models of the learning curve
(e.g., Spence [29], Fudenberg and Tirole [14]) that use cumulative
production volume as a proxy for the value of amassed knowledge have
implicitly invoked the assumption of autonomous learning.
In the quality-based learning formulation, both induced learning and
autonomous learning are modelled. Induced learning, in contrast to
autonomous learning, depends on conscious actions and efforts by management
and technical people to improve the efficiency of the production system.
Examples of induced learning are the use of exploratory stress in the
Just-In-Time system to generate process improvements (see e.g., Schonberger
[26]), and the provision of rapid feedback from inspectors to production
personnel regarding quality problems.
Our model of quality-based learning captures both autonomous and induced
learning through the production rate and quality level decision variables.
Production rate effects autonomous learning through cumulative volume
experience as in Spence [29] whereas quality level is a
management-controlled variable that captures the induced learning effect.
The remainder of the paper is organized as follows. We first present a
formalization of the static economic conformance level of Lundvall and Juran
[24]. Next, the optimizing volume-based learning model of Spence [29] is
briefly reviewed for comparision with the quality-based learning models that
follow it. We then present the quality-based learning models and derive
optimal quality, pricing, and production policies fr the quality-based
learning models and compare these policies with the base-case models of
Juran and Spence. We conclude with discussion and implications for
management.
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THE STATIC ECONOMIC CONFORMANCE LEVEL MODEL
This section presents a static model of quality choice . The goal is
to provide a formulation of the Lundvall-Juran economic conformance level
model which can be used as a starting point for studying quality-based
learning.
Before the model is presented, it is useful to distinguish between two
different concepts of quality: quality of design and quality of
conformance. A Cadillac is a higher quality product than a Chevrolet
because the Cadillac has a superior design, whereas a well-built Chevrolet
is a higher quality product than a poorly-built Chevrolet, because it
conforms better to the intended design. Design quality refers to features,
styling, and other product attributes that enhance fitness for use or
"utility" for the consumer. Conformance quality refers to the degree that a
manufactured product conforms. to the design for that product.
Conformance can be measured as the proportion of nondefective
(conforming) units of output produced by the manufacturing/quality
control/inspection process. This measure is analogous to the concept of
average outgoing quality used in the quality control literature (e.g., see
Fetter [10]) to refer to the average quality of the products that are
shipped by the firm. The use of such a measure requires an assumption that
any given unit either conforms to the design standard or does not. (That
is, units are either acceptable/nondefective or unacceptable/defective.)
As modelled in this paper, the (conformance) quality level in any period
is a decision variable that is under the complete control of the decision
maker. This is a considerable simplification from reality. In fact,
conformance quality can usefully be thought of as being the outcome of a
random variable that depends on the level of resources invested in quality
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control activities. In a more realistic model, conformance quality would be
modelled as a random outcome that is affected by "lower level" decisions
such as the inspection and sampling policies being used. In order to
address the more "macro" issues of pricing and quality policies in the
models to follow, we assume that the quality level can be directly chosen by
the decision-maker. (Fine [11] presents a stochastic model of the "lower
level" decision process to explore the effects of quality-based learning on
optimal inspection policies and to develop "micro-foundations" for the
models presented here.) The proportion of conforming units will be denoted
by q (0 < q < 1).
Figure 1, which appears in Fetter [10] and in Lundvall-Juran [24],
represents the economic conformance level decision problem. With any given
level of conformance q, Lundvall and Juran associate two distinct classes of
conformance-related costs. The first class, failure costs, consists of
those costs associated with the dispensation of defective or nonconforming
units. These include internal failure costs, such as the costs of scrap,
rework, retest, downtime, and yield losses, as well as external failure
costs, such as warranty claims, complaint adjustments, and returned
material. The failure costs are assumed (here, as well as by Lundvall and
Juran) to be zero if the process produces no defects (q 1) and to be
strictly increasing as the proportion of defects increases.
Appraisal and prevention costs, the second class of conformance-related
costs mentioned by Lundvall and Juran, increase with higher conformance.
These costs arise from inspection of materials, inspection and test of work
in process and final output, equipment maintenance, quality planning,
quality training, process control, data acquisition and reporting, and
quality improvement projects. The idea is that firms must spend more on
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appraisal and prevention to achieve higher conformance. Lundvall and Juran
(and the model presented here) assume that these costs are zero at zero
conformance and increase as the proportion of nondefective items increases.
Let cl(q) denote the per unit cost of appraisal and prevention and let
c2(q) represent per unit failure costs. (Note that we are assuming
constant returns to scale, i.e., unit quality costs do not depend on
production volumes.) Assume that cl(-) is strictly convex and
increasing in q, with c(0) = 0, and that c2(.) is strictly convex and
decreasing in q with c2(1) 0. These assumptions guarantee that there
exists a unique optimal conformance level q*, which is chosen to
minimize [cl(q) + c2(q)]
q
The minimizing value, q , is the economic conformance level (ECL). (See
Figure 1.)
A VOLUME-BASED LEARNING MODEL
Before presenting the quality-based learning model, we will review the
volume-based learning model (as presented by Spence [29]). Spence's paper
offers a formal economic model of the learning curve that provides a good
starting point for the study of quality-based learning. Of principal
interest here is the single firm model presented by Spence in Section two of
his paper.
Let x(t) represent the quantity of output that the firm chooses to sell
at time t. The firm, a monopolist, faces a downward sloping inverse demand
curve denoted by p(x). The revenue function R(x) _ xp(x) is strictly
concave and there are constant returns to scale in production, with unit
production costs c3(z) a function of the cumulative experience z. Spence
a,
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assumes that c3 (z) is decreasing in x, with lim zc 3(z) > 0.
(The subscript 3 is included to be consistent with the notation in other
sections.) We also assume that p(O) > c3(0) so that the optimal
quantity level is always positive.
Experience is modelled as a cumulative production volume; i.e.,
experience at time t, z(t), is given by
t
z(t) = z(0) + x(s)ds , (1)
0
where z(0) > 0.
The firm chooses a quantity path x(t) so as to maximize the present
value (with interest rate r) of profits over the horizon [0,T]. For the
discounted problems to follow, we assume that T - . For the undiscounted
problems, we assume that T < O. The optimization problem that
corresponds to this model is
-rt
max f e [p(x(t)) - c3(z(t))] x(t)dt (2a)
x(t) 0
0< t< T
t
subject to z(t) - z(O) + x(s)ds , (2b)
0
where the optimization is over the space of all continuous functions on the
interval (0,T]. Since z(t) x(t) (where z(t) - dz(t)/dt), problem (2)
can be analyzed after reformulating it into the following unconstrained
calculus of variations problem:
T
max e [p(z(t)) - c3(z(t))] z(t)dt . (3)
z(t) 0
0< t< T
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The Euler condition for this problem is
r(xp' + p - c3 (z(t))) = x(2p' + xp") . (4)
Since R(x), the revenue function, is strictly concave, its second derivative
(R"(x) = 2p'(x) + xp"(x)) is negative. Spence focuses on the special case
of a zero interest rate (r = 0). In this case, equation (4) implies
that x(t) = 0 for all t. That is, the optimal quantity path (and therefore
the optimal price path) is constant over time. (Dolan and Jeuland [7] also
obtain this result in a similar model.) Spence [29, p. 52] has the
following to say about the result:
This is an interesting but not surprising result. At every
time, output should be the profit maximizing output, given that
marginal cost is the unit cost that obtains at the end of the
period. That is to say, output will be optimal if the firm simply
assumes the learning has already occurred and sets its output
accordingly to maximize profits. . .The principle is clear and
simple.
As is explained in Section Three of Spence [29], equation (4) and the
transversality condition, x(T)p'(x(T)) + p(x(T)) - c3(z(T)) = 0, are used
to solve for the optimal (constant) quantity.
With a strictly positive interest rate, the optimal quantity increases
over time, i.e., x(t) > 0 for t [O,T]. (See Fine [11] for proof.)
However, according to this model, the sole reason for this effect is the
fact that future cost reductions have less value than present cost
reductions.
QUALITY-BASED T.EARNING - IN DIRECT MANUFACTURING ACTIVITIES
Formulation
We will now knit together the ECL model and the volume-based learning
model to study the implications for optimal quality and pricing policies of
III
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a quality-based learning curve. The results of the next two sections
provide some normative guidelines for quality and pricing decisions, suggest
some empirical questions about quality-based learning, and reinforce
Spence's "clear and simple" pricing rule in the presence of a learning curve.
The principal idea underlying the quality-based learning curve is that
in order to improve conformance levels, workers will search for defects by
spending additional effort to scrutinize carefully the manufacturing
process. This extra scrutiny will lead to the discovery of defects or
"bugs" in the process or products. Fixing or compensating for such bugs
will result in a smoother, less problematic production system that will be
less costly to operate. Thus, higher conformance can lead to lower costs.
One motivation for choosing to increase conformance for a product beyond
the short-run, cost-minimizing level (defined as q*) is improvement of the
present or future demand for that product. Firms become concerned about the
effect that product quality (conformance) has on their sales and their
relationships with customers. If a firm is producing with conformance at
the level of q* then a decision to increase conformance is made after
comparing the anticipated demand-side gains with the increased costs that
will be required to improve conformance. Such an analysis assumes that
conformance affects demand in ways that are not captured in the ECL model.
That is, it assumes that a consumer's expected utility from buying a product
depends on the product's conformance level.
In such a situation, neither the buyer nor the seller of an individual
item may know whether or not that item is defective, but the seller may know
the probability that it is defective (that is, the seller knows the
conformance level q), and the buyer does not. However, over time, buyers
III
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will collect information about the products of firms. This information will
cause firms to develop reputations for providing certain levels of
conformance. Thus, over time, tighter (looser) conformance will have
positive (negative) effects on demand, provided that consumers regard past
actions as indicators of future choices. Hence, there are demand-based
reasons for firms to raise conformance levels above q* in a multiperiod
setting. Shapiro [27, 28] and Dybvig and Spatt [9] have done work on models
along these lines.
This paper concentrates on cost-based, rather than demand-based, reasons
for increasing conformance levels in a dynamic setting. In order to focus
on learning benefits due to conformance, we assume that the firm offers
"perfect" warranties that compensate consumers who buy nonconforming goods
and that the costs of providing such warranties are accurately reflected in
the failure costs, c2(q). Thus, in the model to be presented, there are
no multiperiod demand effects due to conformance because consumers are
assured of getting the utility they expect from a purchased product.
Because of this insurance, they do not care if they get defective items, and
thus the nonobservability of q is not an issue for them. This is clearly a
strong assumption, because issues of moral hazard (Holmstrom, [18]), adverse
selection (Rothschild-Stiglitz, [25]), risk sharing (Heal, [17]), and
consumer heterogeneity generally preclude such warranties.
Because design quality is fixed and conformance quality has no effect on
demand (due to the perfect warranty assumption), consumer demand can be
represented by the inverse demand function p(x(t)) where x(t) is the
quantity produced and sold at time t.
Spence models experience as cumulative volume, i.e.,
t
z(t) = z(O) + x(s) ds
0
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We extend this to a quality-based experience framework by representing
experience as cumulative quality-weighted volume, i.e.,
t
z(t) = z(O) + q(s) x(s) ds
0
where q(t) is the conformance level of output produced at time t. Note that
this expression generalizes Spence's model, insofar as Spence implicitly
assumes a stationary quality level. Also note that this is actually a
quality- and volume-based learning model. Hereafter we will refer to it as
the quality-based learning model to distinguish it from the model of the
previous section.
With an assumption of constant returns to scale, unit costs are a
function of conformance level produced (q) and experience (z). These unit
costs are denoted c(q,z,). In this section we assume that quality-based
learning benefits accrue in direct manufacturing costs so that the cost
function is given by
c(q,z) cl(q) + c2(q) + c3(z)
where c3(.) is positive, decreasing, and convex, and limz- c3(z) C3, a
positive constant. In this formulation, cumulative experience affects
direct manufacturing costs through the function c3(*). That is, with
the experience gained from producing larger volumes at higher quality
levels, the firm improves its production process and lowers its
manufacturing costs.
For notational convenience, let c12(q) c1(q) + c2 (q), the sum
of appraisal and prevention costs and failure costs. The function c 12(q)
is strictly convex and has a unique minimum at q*. It is illustrated in
Figure 1. Under this model, the firm's optimization problem is
Tmax | e [p(x(t)) - c12 (q(t)) - c3 (z(t))] x(t)dt, (5)
x(t), q(t) 0
0< t< T
t
subject to z(t) = z(0) + x(s) q(s)ds (6)
0
Differentiating equation (6) gives
z(t) = x(t) q(t)
so the problem specified by (5) and (6) can be rewritten as
T
max I e r[p((t)) - c 2 (z(t)/x(t)) - c3(z(t))] x(t)dt , (7)
x(t),z(t) 0
0 < t < T
where the optimization is over the space of pairs of continuously differentiable
functions on [0,T].
As in the previous section, we will analyze this problem first for the case where
the interest rate is zero, to facilitate comparisons with Spence's "clear and simple"
pricing rule. Then we analyze the more general case of a positive interest rate.
Four theorems relating to problem (7) are presented. The first two, involving the
zero interest rate case, show (1) that the optimal quality level is always larger
than q* and is decreasing over time, and (2) that the optimal quantity (and therefore
price) path is constant over time. Theorems 3 and 4 show that with a positive
interest rate the optimal quality path is decreasing but always greater than q*, and
the optimal quantity path increases over time while the optimal price decreases over
time.
The maximization of (7) with respect to z(t) is a calculus of variations problems
with z(t) as the state variable. With respect to x(t), the problem can be solved as
a static clculus problem for each epoch t. The Euler condition for z(t) is
rc'2 (q) + xc (z) = c 2 (q)q ,
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where dots denote time derivatives and primes denote derivatives with
respect to q or z. The first order condition for x(t) at any time t is:
p(x) + xp'(x) - c12(q) - c3(z) + c 2(q)q = 0 .(9)
Equations (8) and (9) are the standard necessary conditions for an optimum.
Since R(x) = xp(x) is strictly concave in x and c2(.) and
C3(-) are strictly convex, it is easy to show (by straightforward
differentiation) that the integrand in (7) is concave in z, z,
and x so that (8) and (9) are also sufficient conditions for an optimum
(Kamien and Schwartz [21, p. 38]). The four theorems analyzing problem (7)
will now be stated and proved.
Results for r0 case
Theorem 1: If the interest rate r is equal to zero, then the optimal
quality path q(t) has the following properties: q(T) q*, q(t) > q*
for all t [0,T), and q(t) < 0 on [0,T]. That is, the optimal quality
level is decreasing and exceeds the static optimum until the end of the
horizon.
Proof: The transversality condition
-rt
e c'12(q(T)) = O
x(T)
immediately yields the result q(T) = q* because c12(') is minimized
(with its derivative equal to zero) at q*. When r = 0, equation (8) becomes
xc (z) = c2(q)q
Since c3(-) is decreasing and c12(-) is convex, q is negative.
a
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Finally, if q(t) is decreasing and q(T) = q*, then q(t) > q*
for all t < T. °
Theorem 2: If the interest rate is zero, then the optimal quantity path (and
thus the optimal price path) for problem (7) is constant over time.
Proof: Differentiating (9) with respect to t gives
x[2p'+xp"] - cj(z)z qq c 2(q) = . (10)
Substituting qc 2 (q) from (8) into (10) gives
x[2p'+xp"] - c(z)z + qxcl(z) + qrci2(q) = 0 . (11)
But since z(t) = x(t)q(t) for all t, the middle two terms in (11) cancel,
and the last term vanishes since r = 0. Thus, because 2p'(x) + xp"(x) < 0,
we get x = 0. Therefore, the optimal price and quantity paths are
constant. 0
Thus, the extension of Spence's model (with a zero interest rate) to one
with an additive quality-based learning effect preserves his "clear and
simple" optimal pricing rule prescribing a constant price that is set so
that marginal revenue equals the marginal cost of producing the last unit.
The reason for this result, however, may not seem so "clear and simple." In
Spence's model, one can see the result clearly by imagining a variation from
the optimal policy of the form: produce a marginal unit (i.e., an "extra"
unit) at time t. This extra unit increases revenue by the marginal revenue
at time t, and increases total costs by the cost of an incremental unit
produced. Therefore, marginal revenue at each time t must equal the
marginal cost of the last unit so that the marginal revenue is independent
of t and the optimal price and quantity are constant in t. In the
11
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quality-based learning case, the same variation has a more complex effect on
total costs, since in addition to adding another unit to the production
total, it also shifts the evolution of z(s) for s > t and thus the cost of
producing quality q(s) at time s. But this second effect on total costs is
of second order by the envelope theorem (see, for example, Varian [30,
p. 267]), as it is a first order shift in z(s) from the optimal path.
(Formally, this enters the proof when the Euler condition for z is
substituted into the first order condition for x to obtain (11).) Since
this second effect is of second order, the logic of Spence's intuitive
argument continues to apply.
The next two theorems concern the optimal quality and quantity paths
when the interest rate is positive. Theorem 3 shows that the optimal
quality path for this case decreases over the entire range. The
result is more difficult to prove in this case, however, since the sign of q
cannot be directly inferred from (18) when r > 0. The proof of Theorem 3
appears in the Appendix.
Theorem 3: If the interest rate r is positive (and T = ), then the
optimal quality path q(t) for problem (7) has the following
properties: q(t) > q* for all t [0,'), q(t) < 0 on [0,=), and
q(t) + q* as t -+ . That is, the optimal quality level is decreasing
to q*, but always exceeds the static optimum.
Corollary 1: The higher the rate of interest, the lower the optimal
quality level.
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Proof. See Appendix.
This result says that firms with a low cost of capital will invest more
in quality-based learning than those with higher capital costs. This result
could help to explain why some firms (particularly some Japanese firms) have
invested more in quality than others.
Theorem 4. If the interest rate is positive, then the optimal quantity
path for problem (7) is increasing over time, and thus the optimal price
path is decreasing.
Proof: Equation (11) and the fact that z = qx give
x[2p'+xp"] + qrc 2(q) = .
Since 2p' + xp" < 0 and c12(') is increasing for q > q*, x is
positive. C
Discussion
Theorems 1 and 3 show that at every point in time prior to the last
epoch, the optimal conformance level is always greater than the single
period optimum. Thus, firms that do not account for quality-based learning
potential when making quality decisions will choose quality levels that are
lower than the optimal levels. The results also show that the optimal
conformance level for the quality-based learning model decreases over time.
This is because the marginal benefits to learning decrease with the amount
of learning already done. Most of the learning is done "early in the
horizon." When there is little left to learn or little remaining time over
which to amortize the cost of learning, conformance levels fall to near the
short term, single period optimum, q*.
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This second result, that the optimal quality level decreases over time,
is reasonable in the context of this model, but as a general proposition it
runs counter to intuition. High quality is usually thought of as a
desirable product attribute, and one would think that if quality became less
costly, firms would buy more of it. The result is also in contradistinction
to observed Japanese practice with respect to conformance levels. According
to Juran [20], the Japanese engage in "relentless pursuit" to find the cause
of each and every defect. Hayes [16] compares their vigilance in improving
conformance to "pursuing the last grain of rice in the lunchbox." Thus, we
have no evidence, that Japanese companies decrease conformance levels over
time.
Such observations suggest that the model may not capture all the
important factors affecting optimal quality decisions. We could consider
two types of effects that may play a role in the economics of quality but
have not been accounted for in the model.
First the presence of demand effects on quality decisions could reverse
the decreasing quality result. To take an extreme example, suppose
consumers' preferences and expectations were configured so that the
reduction by a firm of its quality level at some time would cause the loss
of all of its customers thereafter. Admittedly, this assumption is
extreme. However, the underlying idea is that firms with "fragile"
reputations may find it in their best interest to maintain high conformance
levels, even after most of the learning benefits have been achieved.
Shapiro [27, 28] explores such fragile reputations in a stationary (no
learning) cost setting. Tapiero and Lee [22] also present a model where
demand affects quality policy. Since the intent here is to concentrate on
cost-side reasons for quality policy, the demand-side issue, although
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potentially quite fruitful, will not be explored here. Rather, we will
study another cost-side explanation for why quality levels might increase
over time.
A second reason why the model in (7) may be giving a counter intuitive
result on the direction of the optimal quality path is that the form of the
quality-based learning curve may be misspecified. We assume above that what
is learned reduces unit costs, without making quality per se any cheaper.
Perhaps what is learned makes increased conformance cheaper, in a way that
shifts the short-run optimal conformance level upward. The next section
analyzes a quality-based learning model with a specification having these
features.
QIALITY-BASED LEARNING - IN QUALITY CONTROL ACTIVITIES
In this section we assume that quality-based learning benefits lead to a
reduction in the appraisal and prevention expenditures required to attain
any given quality level. That is, the learning benefits accrue in the
appraisal and prevention activities.
We model this idea by assuming a cost function of the form:
c(q,z) = a(z) cl(q) + c2 (q) + c3 , (12)
where a(-) is decreasing and convex for z [0,o). We also assume
a(0) = 1 and limzow a(z) = a > 0. The function a(') represents the
learning in appraisal and prevention activities while the constant a
represents a limit to the improvement that is possible.
PLACE FIGURE 2 ABOUT HERE
III
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Figure 2: Quality Related Costs When Learning Occurs in
Quality Control Activities.
cost
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Figure 2 illustrates the effect of increasing experience on the cost
function described by above. The solid curves represent the quality related
costs -- failure costs and appraisal and prevention costs -- for the case
where z = 0. The dashed curves represent the quality-related costs for
z > 0; i.e., after some learning has taken place. Note that
a(0) c1(q) + c2(q) has its minimum at q* -- as in the ECL model. For
any z, a(z) cl(q) + c2(q) will have a uni:que minimum at q*(z), where
q*(O) = q*, and q*(z) increases in z. That is, if the experience level at
time t is z(t), then the "short-run" or "single period" optimal quality
level is q*(z), which rises with z(t).
The analog of the optimization problem (7) with the cost function
represented by (12) is
T
max | ert [p(x(t)) - a(z(t)) c ((t)/x(t))
x(t),z(t) 0
0< t< T
- c2 (z(t)/x(t)) - c3 ]x(t)dt . (13)
In this model, as will be shown in Theorems 5 and 6, the optimal quality
path increases over time. Furthermore, the optimal price path decreases
over time if the interest rate is positive and is constant if the interest
rate is zero. Moreover, the optimal quality level at any experience level z
exceeds the short run optimum q*(z). Thus, the cost formulation in (12)
yields the intuitively plausible result that firms will always increase
their quality levels over time, while reaffirming Spence's "clear and
simple" constant pricing rule in the presence of a zero interest rate.
Theorem 5: Let z(t) be defined by (6). For problem (13), the optimal
q(t) is greater than q*(z(t)) and increasing in t for all t. This result
holds whether the interest rate is positive or zero. Further, the optimal
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q(T) equals q*(z(T)). (That is, for finite horizon problems the optimal
q(T) is precisely q*(z(T)), while for infinite horizon problems
q(t) + q*(o), defined as argmin[acl(q) + c2(q)].)
q
Proof: The Euler condition for this problem with respect to z is
r[a(z) ci(q) + c(q)] + a'(z)x[cl(q) - qci(q)]
= q[a(z) cl(q) + c(q)] . (14)
Producing at a quality lower than q*(z) can never be optimal because both
present and future costs would be lower at q*(z). For any finite z, there
will be future benefits (through decreases in a()) for incremental
increases in quality, so it will always be optimal to produce at a quality
strictly higher than q*(z). (The cost increases due to a small increment
from q*(z) are of second order because q*(z) is the short-run cost
minimizer, whereas the benefits through a(z) are of first order.)
For q > q*(z), a(z) c(q) + c(q) > 0. Thus, the first term in (14) is
positive. Since c(0) - 0 and c (.) is convex, cl(q) - qci(q) < 0.
Also, a'(z) < 0 by assumption, so the second term in (14) is also positive. By
convexity of Cl(-) and c2('), the term a(z) cl(q) + c(q) > 0, which implies
that q > 0. Note that whether r = 0 or r > 0, the left hand side of (14) is
positive, so q > 0 in either case.
For finite horizon problems, the transversality condition is
-rt
e [a(z(T)) c(q(T)) + c(q(T))] = 0
X(T)
which immediately yields the last result. For infinite horizon problems,
the argument given at the end of the proof of Theorem 3 is easily modified
to work here. 0
Theorem 6: For problem (13), the optimal quantity and price paths are
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constant if the interest rate is zero. If the interest rate is positive,
then the optimal quantity (price) path increases (decreases) over time.
Proof: The first order condition for problem (13) with respect to x is
p(x) + xp'(x) - a(z)cl(q) - c2(q) - c3
+ q[a(z)cl(q) + c(q)] = 0 .(15)
Differentiating this with respect to t gives
x[2p'+xp"] + qq[a(z)cl(q) + c2(q)]
+ a'(z)z[qc{(q) - cl(q)] = O . (16)
Substituting the left hand side of (14) for the term [ac"+c2] in (16)
yields
x[2p'+xp"] + r[a(z)ci(q) + c(q)] = 0 . (17)
From this expression, it is immediate that x = 0 (x > O) if r = 0
(r > 0). O
The result of Theorem 5, that the optimal quality level increases
overtime, is somewhat more plausible that the results of Theorems 1 and 3.
The result reconciles the views of Deming [6] and Crosby [4] with the model
of Lundvall and Juran [24] (if the constant a, which represents the limit to
improvement, is equal to zero). When a=0, the optimal quality level q is
increasing over time and zero defects is optimal in the limit. Thus, at
every point in time, the firm is producing at a quality level that is optimal
according to the ECL model, but the firm will be constantly pushing towards
zero defects.
III
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The model also reconciles the "quality is costly" viewpoint with the
observed high quality, low cost position of many Japapnese manufacturers.
The model posits that at any given point in time, higher quality is more
costly for a firm than lower quality, but that over time, one firm can
achieve a high quality, low cost position relative to competitors by building
the amount of its quality-based experience.
CONCLUDING DISCUSSION
The work in this paper links the previously disjoint literatures of
quality control and learning curves to explain why high quality and low costs
need not be inconsistent. The main idea presented, that firms may learn
faster at high quality levels than at low quality levels, is intuitively
appealing, resolves the "Quality is Costly" vs. "Quality is Free" conflict,
and provides a theoretical underpinning for observed competitive differences
between U.S. and Japanese manufacturers.
Two quality-based learning formulations have been analyzed and compared
with Spence's [29] volume-based learning model. The principal results are
(1) the optimal pricing policy under a quality-based learning curve is
qualitatively similar to the optimal pricing policy under a volume-based
learning curve, and (2) the optimal quality level under a quality-based
learning curve exceeds the optimal quality level in the corresponding static,
no-learning case. The latter result implies that firms should be investing
more in improving their quality if they have been erroneously assuming that
there are no quality-based learning effects. Other results give conditions
under which the optimal quality level is increasing or decreasing and show
that lower interest rates will lead to higher optimal quality levels.
III
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This work also extends the standard learning curve model formulations to
include induced as well as autonomous learning. In fact, the formulations
for induced learning are actually more general than the presentation here
would imply. The induced learning concept reflects the fact that, in many
cases, cost reductions due to learning do not "happen all by themselves."
Management must often devote significant effort to make learning-based cost
reductions a reality. To the extent that such effort is costly, the models
presented here (with effort represented by q) constitute a theory of how much
effort to expend on the needed (experience-based, cost-reducing) activities
and whether such efforts should be increased or decreased over time. Thus,
the theory presented here can be thought of as addressing the issue of
"optimal control of induced learning curve benefits." The emphasis here has
been on quality as the (short-run, expensive) control variable, since it
seems to be a significant control variable in practice. But the formal.
mathematics presented will admit to many other interpretations in terms of
other control variables for the rate of learning.
Managerial effort is one control variable that could affect the rate of
learning. Others are research and development, employee education, reverse
engineering (dismantling and analyzing competitors' products) and investment
in better information systems. This line of work is currently being pursued
by Fine, Freund, and Shapiro [13].
-25-
Some additional notation must be developed before Theorem 3 is proved.
First, define the profit function as
P(z,q) max[p(x) - c12(q) - c3 (z)]x , (A.
x
and let s and z' be nonnegative real numbers. Then, let
co
-rtM(s,z',x(.),q(-)) = e
0 [p(x(t)) - c12(q(t)) - c3 (z(t))] x(t)dt, (A.2)
where for t > s,
t
z(t) - z' + x(u) q(u)du
5
(A.3)
By the proof used in Lemma 1 in Iglehart [19], P(z,q) is concave in both
arguments and
J(s,z') max M(s,z',x('),q())
x(.),q(.) (A.4)
is concave in z'.
Lemma 1: The function P12(z,q), the cross partial derivative of P(z,q),
defined by (A.1), is negative for q > q*.
Proof: The optimality condition on x for the optimization problem (A.1) is
F(x,q,z) - xp'(x) + p(x) - c12(q) - c3(z) = 0
1)
(A.5)
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This condition implies that P(z,q) = -x2p'(x), for the optimal x defined
by (A.1). The cross partial term, P12(z,q), can be found by using the
chain rule:
P(z,q) = dP ax
and
d P . ax . ax + dP . x . (A.6)
P12( Z' q) = 2 az aq dx azaqdx
Each of these terms can be evaluated by the implicit function theorem, as
follows:
ax _F c'(z)
az -x&i - Fx - 2p'+xp"
dP _ -2xp' 2dP -2xp' - x p" = -x[2p' + xp"]d-
d2P
2 = -[2p'+xp"] - x[3p"+xp'"']
dx
ax -F ' (q)
aq F x 2p'+xp"x
2 -Fx (3ax p" + xp ) (ax ax
xx *F(3p" + xp') 
aqaz Fx -[2p' + xp"]
Substituting all of these expressions back into (4.13) gives
-c'(z) c' (q)
p (zq) = 12
P12 z ' q)=2p'(x) + xp"(x)
which is negative because c3(.) is decreasing, c12(*) is increasing
for q > q*, and the revenue function R(x) = xp(x) is strictly concave
(i.e., R"(x) = 2p'(x) + xp"(x) < 0). 
Theorem 3: If the interest rate r is positive (and T = co), then the
optimal quality path q(t) for the problem (7) has the following
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properties: q(t) > q* for all t [0,-), q(t) < 0 on [0,-), and
q(t) + q* as t + . That is, the optimal quality level is decreasing
to q*, but always exceeds the static optimum.
This theorem cannot be proved with the straightforward application of
the Euler condition on z(t) as was done in the proof of Theorem 1. Rather,
we will use an argument using variations on q(t) and x(t).
Proof: For z > 0, and s > O, let {x(t), q(t): t s} be defined
by
(x,q) argmax M(s,z,x,q)
x,q
so that
J(s,z) = M(s,z,x,j) 
Let > 0, and consider perturbing (,(t), (t)) on the interval [s, s+E)
by replacing j(t) with q' E q(s) + 0(e) and.x(t) with x' _ x(s) on
that interval. Then, for s < t < s+e, the corresponding (perturbed)
experience level is
z'(t) = z + x'q'(t-s) = z + 0() .
The following expression represents the change in J(s,z) induced by the
perturbation,
V(q') = e · [p(x(s))-c12(q(s)) - c3(z) + O(e)]x(s) + J(s+C, z+q'x'E),
where the first term represents the change over the interval [s,s+) and the
second term represents the change on [s+e,).
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Simplifying further, we get
V(q') s e · [max[p(x) - c1 2(g(s)) - c3 (z)]x] + o(e) + J(s+e, +q'x'E)
(by the definition of x(s) and 0(e))
-= P(Z, (s)) + O(E) + J(s+e, z+q'x'E)
(by the definition of P(.,.))
= e[P(z,q') + 0(E)] + o(e) + J(s+e, z+q'x'e)
(by a Taylor approximation to P(z,.))
= eP(z,q') + o(e) + J(s+e, z) + J2 (s+e,z) ' q'x'e
(by a Taylor approximation to J(s+e,))
The optimal q' will satisfy
dV/dq' = P2(z,q') + x'J2(s+,z) = 0 . (A.7)
Differentiating this with respect to z gives
P12(Z, q') + P22(zq')(dq'/dz) + x'J22(s+c, z) 0
Since P12 < 0 by Lemma 1, and, as argued above, P(.,.) is concave in
both arguments and J(*,) is concave in its second argument (that is,
P22 < 0, J22 < 0), we get dq'/dz < 0. That is, the optimal q' is
decreasing in z. Since z(t) = q(t)x(t) is positive for all t, the optimal
q(t) must be decreasing for all t.
To see that q(t) + q* as t + c, first note that q(t) is never less
than q* -- for if this were to be the case, replacing q(t) by q* would
decrease both quality related costs (through c1 2(.)) and direct
manufacturing costs (through c3(-)). Since q(t) > q* for all t
(and, it is easy to see, x(t) is bounded away from zero), z(t) + c as t c .
III
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Suppose limt+ q(t) q*+6. Select t sufficiently large so that
c (z(t)) - lim c3() < c(*+) - c12 (q*)3 - z +. 3 12 '
That is, select t so that any possible improvement in z past z(t) will not
decrease costs as much as maintaining q above q*+6 increases them. Then,
for s > t, it is better to set q(s) = q*, contradicting the supposition
that limt, q(t) > q*. O
Corollary 1: The higher the rate of interest, the lower the optimal
quality level.
Proof. This result follows almost directly from the proof of Theorem 3.
From equation (A.7) we have
P2(z,q') + x'J2(s+, z) 0 o
·Differentiating with respect to r gives
d' dJ2
P22 I + x' dr
Let (q'(t),x'(t)) be the optimal solution to problem (7). Then
co
J(s,z) f e rt[p(x'(t)) - c12(q'(t)) - c3(z'(t))]x'(t)dt
T
Therefore,
J2 (s,z) ' e-rt[-c (z'(t))]x'dt
S
and
dJ2(s,z)
dr
Thus, dq'/dr < 0 since P22 < 0 by concavity of P. 
III
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